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Previous Tecrinical Reports to the Office of Naval Research ~~
‘

/

~~1. A. J. Durelli , “Development of Experimental Stress Analysis Methods to ~~etermine Stresses and 
Strains in Solid Propellant Grains”~ -June 1962.

Developments in the manufacturing of grain-propellant models are
reported. Two methods are given : a) cementing routed layers and
b) casting.

2. A. J. Durelli and V. J. Parks, “New Method to Determine Restrained
Shrinkage Stresses in Propellant Grain Models”--October 1962.
The birefringence exhibited in the curing process of a partially
restrained polyurethane rubber is used to determine the stress associated
with restrained shrinkage in models of solid propellant grains partially
bonded to the case.

3. A. J. Durelli, “Recent Advances in the Application of Photoelasticlty in
the Missile Industry”-—October 1962.
Two- and three-dimensional photoelastic analysis of grains loaded by
pressure and by temperature are presented. Scme applications to the
optimization of fillet contours and to the redesign of case joints are
also included.

~~~. A. J .  Du.relli and V. J. Parks, “Experimental Solution of Some Mixed
Boundary Value Problerns”--April 196’4.
Means of applying known displacements and known stresses to the boundaries
of models used in experimental stress analysis are given. The applica-
tion of some of these methods to the analysis of stresses in the field
of solid propellant grains is illustrated . The presence of the “pinching
effect” is discussed.

5. A. J. Durelli, “Brief Review of the State of the Art and Expected Advance
in Experimental Stress and Strain Analysis of Solid Propellant Grains”--
April 196’4.
A brief review is made of the state of the experimental stress and strain
analysis of solid propellant grains. A discussion of the prospects f or
the next fifteen years is added .

~~~
. A. J. Durelli, “Experimental Strain and Stress Analysis of Solid Propellant

L 

Rocket Motors”--March 1965.
A review is made of the experimental methods used to strain-analyze solid
propellant rocket motor shells and grains when subjected to different
loading conditions. Methods directed at the determination of strains in
actual rockets are included.

7. L. Ferrer, V. J. Parks and A. J. Durelli, “An Experimental Method to Analyze
Gravitational Stresses in Two-Dimensional Problems”--October 1965.
Photoelasticity and moir~ methods are used to solve two-dimensional problems
in which gravity-stresses are present.
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~‘n ne ~ i~~ ’ to  a ~ i gil Plate and •t ’ mk’’——November ~
_
~

_)5.
A :u~~~ ~~~~~~ i t ~ was ~‘onded to a ri~~i~i n ate  on one ot i ts faces In

c t  . the same ~z ’ c ~ :;s he n t i o t oe i a c t  ic effec ts
ts cc uted w i t h  a s t a t e  or restrained ~;hririk5i~ e were “frozen-in .”

hree-1 imen s io~ al p h o t o o L i s t i c i t v  was us~ u in the  ana ly s i s .

~ i , V . 3. 1’ark:; and C . J . •Jel R io , ‘ Exp ex ’ imenta l  Determina t ion
tn~1 j :;r La ‘ p;ou r in  h Lc k—Wa ll LVI : iers ot C omp l i cat e d

— — .~~ ; : ~

~h o toe  Li: ;  ic I tv i n !  no i~~i are used o analyze a three—d imensional rocket
sha pe w . t h  a star shaped core subj ected to in ternal  pressure .

~~ ) . V. 7 • hi  r~s, A. 1 . ‘urel Ii and 1. ‘errer , “ rovi tat  ional Stresses
•‘~ U i ni~ I~ rn~ r:; Hn Techni~ ues”—— Culv L~) t~b.

~~~~~~ rn ed in ‘ec !tnj c.  ‘r ~ ~~. above are extended to
L r .  ~—d j :~i~ u:. ‘:; ; . n;~~r :  icn is used to i cI’eise r pcnse.

~~i ~i :id V .  ax ’  k s .  “Exper imenta l Stress Ana ly s i s  of Loaded
:‘oun~l.~r i ~~~~ ~x — i t:ie us i ~na 1 Second :~~uud~irv Value Problems ’’ — —

~~~ r~~~~~x ’ v  1
1’he :~ i : in~ t e ”  t i nr:; in two— ~t imens i snal ~ aid i : it  problems ,
:~or ed  I :x ~~ ‘ t ’ t ’ ~ :. 2 md •. .ihove , i s  an.i ‘:‘d n .or.~t ’ let  i ll

L .. A. I . ~~‘e lii . . i ’~u ~ • H. C. reng n ~
‘ 
. ~~; i an~’, , ‘‘~~

‘ r .t  ins ~~~~~~

Ma~~t ic~— : w i ~h inser ts , ’’ —— M ay  1 ~~~~~
‘
.

Stresses and s t ra ins  along the interfaces , .i nI n ear  i ’  fter ends , r o r
d i f f e re n t  f ibe r  end conf i~ urations , are stuJ ie~I in e t i :~~~.

13. A.  J. ‘ur~’lli , V. I. P.u ’ ’c; and S. Uri l . e , “It’ ’ m ica ; :; i : ~1~’t !:nd
‘ou t  igurat IOU a F l i t i t ’  ~Iat e  S u bj e c t ’ !  1 L t ~.itorn v ::

o i d ,” — — Iu i ;e  117 .
Cwo— d imen :; ional rhot o’ 1 i s ;  ic i rv was use ! to rudy v at  i u: i i cal end::
to a slot , and determ ne which would t iv~’ t h” lowest stress co:xcentrat en
for .~~ load nor~~il o r h ’  :: ~ot length .

~~~~~. A. 1 . Durelli, V . . ra r ks  .in~1 Han—Chew ~ee , ‘‘ : tr ’sses in a Sp l i t
Cv l  index’ Bond ed t i C. i :;~’ it I Sub ec tel t o ‘h :; t r i  i r i , ’l Shr j uk a  ~ e , ‘‘ — —
January l~)t~~.
A three-d imensional p~~~ oe1~ st ic study tha t J~ scvib es  a method and
show: ; resu l t s  for t h e  . t  r • ’s ;‘ •:; On the free boundaries and at the
bonded interface et a ;~~~id propellant rocket .

15. 1.. J. Durelli,  “ Exper iment al  : t res : A i x i l v ; i ;  A ct i v i t i es  in Selected
European L~ horat ’ i ’ :; ” - -A ug~ust ~~~~~
This repor t ha: : ! , ‘ ‘ i i  ~ t ’ i t : ~ :x . llowi n ’  a t x  i~’ conducted by the a u t ho r
t hrough severa l European coun t r ie s .  A list is ~ iven of many of the
.Ldboratories doing imPortant  experimenta l stress analysis wor k and of
the people interested in this kind of work .  An attempt has been made
to a b st r a c t  the main charact,’ristics of  the methods used in some of
the count r ies  v I s i t ~’d.
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. ;. ~ar~s~ A. 2. .ure i ins t . .  i ’ e r t .  r ’ , ~n :tant Accei~ raticn Stresses

in i Composite itu :i ’ — — h t  ~. : t  • ~ H .
Use of the Immersion analogy ~c Jetor~:i;i~ grav i t a t i onal  stresses in
two-ci tnensional  ood~ os made of mat er i . i~~. ; w i t h  ~i f feren t  propert ies.

7. A. 2. 2urelli , C. A . Clark and A. t~oci:ev , “Fxnerimen ta l  A na l is is  of H igh
E~re auenc ’i Stress Waves a R i n g ”——O c tob ’z’ 1 .
A ~;ethod for the comp lete exr ’er imental  deter m ina tion ,  of dynamic stress
di s t r i b u t i o n s  in a r ing  is demonstrates. i’hotoelastic data is supple-
ment~ d by rieacur’~otents with a capaci tance gage used as a dynamic lateral
extensometer .

2 3. 7 .  A. Clark and A. 3. Durelli , “A Modif ied  Method of Holographic Inter-
ferorttetrv for 2 t a t i o  and 1)’,manic Photoelastic ity ” -—Ap ril  ~968.
A sin~ i i fi ed  absolute retardation arproach to photoelastic  analysis is
described . Dynamic isopacitics are presented .

.~~. C. A. Clark and A. J. Durelli , “Photoelastic Analysis of Flexural Waves
in a I~ar ” —— M ay 1JtE ~~.
A complete direct , fu l l - f i e ld  opt ica l  determinat ion of dynamic stress
d i s t r ibu t ion  is i l lustrated . The method is applied to the study of
f exural waves ~~~‘cpa~ T~a t in g  in a urethane rubber bar. Results are
compared with approx imate theories of flexural waves.

2 2 .  J. A. Clark and A. C. Durelli , “Optical Analysis of Vibrations in
Continuous Media ” --J une l~ t~’3.
Iptical methods of vibration analysis are described which are independent
of assumptions assoc iated wi th  theories of wave propagation . Methods are
illustrated wi th  studies of transverse waves in prestressed bars , snap
loading of bars and notion of a f luid surrounding a vibrating bar .

T i. V. 2. harks , A. C . Durel li , K. Chandrashekhara and T. L. Chen , “Stress
: L tr :~~st ion Around a Circular  Bar , wi th  Flat and Spherical Ends ,
L.i:;uedded in a Matrix in a Triaxial Stress Field ” -—J uly 1969.
A Three- i in ens ional  photoelastic method to determine stresses in composite
naterials is app lied to this  basic shape. The analyses of models with
d i f fe ren t  loads are combined to obtain stresses for the tr iaxial cases.

2 2 .  A. 2 . Durelli , V. ~
‘ . Parks and L. Ferrer , “Stresses in Solid and Hollow

Spheres Sub~ected to Gravity or to Normal Surface Tractions ”--
Ictobe r ~~~~~
The method described in Report No. 10 above is applied to two specific
problems . An approach is suggested to extend the solutions to a class
ct surface traction problems.

2 3 .  J. .A. Clark and A. C. Durel.l i , “Separation of Additive and Subtractive
Moire Patt erns”--i)ecember l~~ 2.
A sr ’atial f i l te r ing  techni que for adding and subtracting images of several
gratings is described and employed to determine the whole field of
Cartesian shears and ri g id rotations.

1’I



2 . . :~. . 7 x n : ~~: ;  i: .~~~~~. : s : ’  ‘ :;t x x’ ’ i t ;  i ’ ; ’ i n ,~~e :; i x ;  . ; : ‘ e s s—
: 3 — .”1 ’ t ’ t  ‘S ~

‘ ‘‘ ‘ ‘ .‘ ‘‘ — —  ‘ 
~~~~ ,‘ :

sx ’ r x ’ s  : i  ~ . 1 : ~~~ ’ ’ .l ::.t-’:’;~ ’e ’ i t; . ’ s t ’ ~; , :— : ;L’ ..’—~~fl t ’ ’ r C ~~~tl’V 
;ma ;r erns

sr”; : ;c; ac ‘s t s;’ ‘et ’  ~r i nte ~. t ; i :  r: ;  I
; :‘ ‘ t . t i ’  se C ‘ : ‘o x ’e t i e s~~l’, ’ isS .A. :t;’,i;~’j . 1 : : ;  computer

et ’ ’ : 5 ’ ~ ’ ‘ . 1

_ 1.  I .  -~~ . ‘ti n ’,, A . C . “ ;; I i  ;:st ~
‘. A . a s ;’ .i , ‘‘I:; t he  .ff’c t ~ i is.

at  1~~ -~xu ;’ W av e: :  : f l  Ia:.;ic Rect an gular
-s i n  -~~~‘ — — ‘ e~’ e;’;; ~r I ‘
I ., -s’ : ‘:r~~i . analv;::; o ‘ 

~~~~~~~~~~~~ 
i t  ~~.:‘, . ‘ t Y ~ exuxstl waves in rr~ sm d t i c ,

•~~~~:;, , ‘ b~ :’ -; s i t : .  cot w i r ~~, ’u t n ; ’ ’ . . ; ; ’ ’ ’ : : . . n ’ . ~‘h~’ ~- ‘ t t t ’ i : ~
’ . ’’. ;r ~

oxici :L ’ n : i  ; , ~t x  ~, cs:s:’r’essisfl sto not’ ’ t end in’ ant ’

A. ~~. 
‘ ,~~~L : i  ~ . . A . ~~ ’I ~~t ’k.,  ‘‘t :~:;’e;’i:’:~’:;t~~1 At;alvsi:; ox Stresses in

: f l~ t \ ’ — ’ ~n l - ’ ‘‘s - ‘ i n ’  ~~::‘‘ - ‘ ! ‘ f l ’ ’ ’I ~ t ‘Is ~~~~~~~~~~~~~~~ ia : ’ ,S .

l o t ;  o f  t o - ’  s ’  so o: t: ho :ov i s : , sl : : on . ~~‘ o is  is : x’e ,:’’::t -i

:‘ r”lL’s ‘o,x :xr it ;‘ 1’.’ ’ s’ . t~ ’ :; Ot stt’ 1~~I1S ~SSS0 j i O  I sith :Steas’.’ :~~~x tt ~
,‘itx’ , xt i ~’n:: or j:o: s’ ~‘d ‘‘~~; ‘ n~~ j ’ e : , h : ’  ::;e ’ hcd is arrIl ed in alt

inv e : ;r  i~’ x r  ~. ‘n st  ‘n ‘x ’ ot  ,‘ :av ior  St  tS’ . ’ — O J I L’ :;v st t:t1:.: 1 o t ~t ’ ,: :v
i : i s;; ;;; ~~ ~:se \; ~\‘ ‘ 5.

A .  ‘
. , s z ’ ” i i . i ~n t  I’ . . Ch ’:; , ‘ 1  i: :: ’l,x —’:::- ’nt : ;  i n !  i x ~ i t e ~~; train Fie lds  in

1 - : ; ‘;‘ ‘ u t ~~et ’ ’ ’ ’ t  a ’ ’ ’  ~e 1o ; ’ t ’ : i t  I flS ’’ — — : :n t :_ tI ’\ ’  I ’Y’I .
Iso .‘~~‘n ~n - ‘ ~ ‘ , ~i ~~ rar ,~-~ i n~ tro r. C . C l i  to  C .  50 ~ are let er;; m e d  in

S in s s : h ’x ’ e  - ~~~ t ed  t o  ;ev ’r~ I levels c I J iametral  c ’mnx’es:; i on .
:\ 5CC 1 i n ’ s — r ’~’:’— inc h ‘n it i xst was embedded it ; a meri’i ian plane of the

~~ 
nor ’ a~ I oo i : f ’ s  t t ’t’ 0~iUO w i t  h a non —~t~-’; sinned master . The nax

s’t’Iie I v t’ ; isa I a ~~~~~~~~~~ ‘sedu ce th e  di .ir ;eter of th e  smn,ere  by 2 ”

r e t ’  C .t :i t

3 M.  A .  .1 . l~ur e  lii and . Machi do ‘‘ t rt’sse ’s and St r a in  i n  a l)tsk w i t h  Var  I ;xl ~
t ’lodti lu s  t,’I F I :1st 1 c i t  v ’ ——- N a r t ’h
A t r an spar t ’n t  m a t  t r i a l  w i t  Ii ~‘, ir i ab1e  modit i  us of e la st  I c i ty  has been
r ta nu t it’ t t i re d  t h a t  t ’xh lb i t t ;  goo d pliotoc I as t i t ’ pr opert t es and can al so he
st ra in ano l v  ~e’d I’v n o  i r . ‘I’lie’ r e s u lt s  oh t a l  ned suggests that the st ress
ii 1st r I b i t t  I on in t he ~t sk o I var  l ab  Ic F it : prac t I ta liv the same as the ’
st Ft ’S ii 1st  r I b u t  I on in  t li t ’ Iiomo~ eiwous d I sk . I t  , i i  so Intl I ‘at  es t hat th e ’
strain it’ I ds In  b o t h  cases are’ very  1 1 t  I er e nt  • but  t h a t  it is possible’
a pp rox I n a t  t’ i v , t ii oh a in  tI me St  r~’ s s f i t ’  IC  t ron t lie st r a i n  f i e l d  us I n~t t lie’
Va I ti e e t  I a t  ( ‘Vt ’ rv po int , anti  hIookt’ ‘ s law .

.1 . h urt’ lii and . 1 . Bu i t  rago , ‘‘Stat i’ of St ress and St rain In a Ree t angu I a r ‘

li t’ It ‘ m m  II t ’eI Cvi ’  r a ,~v I I nil r I c a l  h’ u I t  e’v ‘‘ — - • 1 mi n e  1’) 7_ ’ .
‘Iwo— ant i I h rve ’— d imt.ns i on;i I pliot oe’ last Ic I lv as we ’ l l  as e l ec t  r t ea l  st r a i n
~‘agcs * eli  at  ~~~~~~ s and in I c  rome L et ’ s are u~ eei t o de t erm i ne the’ s t re’ss cii st r I —

bet  t I on in a he’ I t —p it  11ev sv stem . Cont ;i~ ’ t and tangentIal stress fo r  var !  ous
e’ont at’ ,mn ~

. less antI f r i  c t ioU coc ff1 (‘lent s are p1 yen
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1 ?. T. L . ‘Son and A. C. urelli , “Stress Field in a Sphere Subjected to
Lar;;e efortnaziaim:” -- une 1 ”2.
Straifi fields obtained in a sphere subjected to large diametral compressions
from a pr~vious nit ’ex’ were converted into stress fields using two approaches.
i’irst , the concept of strain-energy function for an isotropic elastic
Sod’,’ was used. Then the stress field was determined with the Hookean
type natural 3tress-natsrai. strain relation . The results so obtained
were aiso compared.

31. A. S. urell i , V .  7 . h a rks  and It . 1. Hasseem, “Helices Under Load”--
July 1173 .
~‘revious solutions tar the case of close coiled helical springs and for
heli o:; made of thin ~~x’s are extended. The complete solution is
presented in graphs f a t ’  the use of designers. The theoretical development
is correlated with oxreriments.

32. T. L. Ciuen and A. C . hurelli , “P isplacement s and Finite Strain Fields in
a Hollow Sphere Subjected to  Large Elastic Deformations”-—September 1973.
The same methods do:;crihed in No. 2” , were applied to a hollow sphere
with an inner diameter ‘no ha_ f the outer diameter . The hollow sphere
was loaded up to a strain of 30 ~‘er cent on the meridian plane and a
reduction of the diameter 1w 20 per cent.

33. A. J. Durelli, H. H. Hasseem and V. J. Parks, “New Experimental Method
in Three—Dimensional Elastostatics”--December 1973.
A new naterial is reported which is unique among three-d imensional
str”ss-freezing materials, in that, in its heated (or rubbery) state
it has a Poisson ’s ratio which is appreciably lower than 2.5. For a
loaded model, made of this material, the unique property allows the
direc t determination of stresses from strain measurements taken at
interior points in the model.

3I4~ 3. Wolak and V.  C .  Parks , “Evaluation of Large Strains in Industrial
Applica tions ”--April 197’4.
It was shown that Mohr ’s circle permits the transformation of strain from
one axis of reference to another , irrespective of the magnitude of the
strain, and leads to the evaluation of the principal strain components
from the measurement of direct strain in three directions .

35. A. 2. Durelli, “Experimental Stress Analysis Activities in Selected
European Laboratories ”--April 1x375.
Continuation of Report No. 15 after a visit to Belgium, Holland, Germany,
France, Turkey, Eng land and Scotland .

3r’. A. C. Durelli, V. J. harks and 2. 0. BUhier-Vidal, “Linear and ~oa-1inear
Elastic and Plastic Stra ins in a Plate with a Big Hole Loaded Axiall’; in
its Plane”-—July 1975.
Strain analysis of the ligament of a plate with a big hole indicates that
both geometric and material non-linearity may take place. The strain
concen tration factor was found to vary from 1 to 2 depending on the level
of deformation.

vi 
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37, A . 2. Dureili , V. ?avlin , ~~~, 0. BUhler-Vidal and G. Ome , “Elastostatics
of a Cubic Box ~~bjected to Concentrated Loads

”-- ‘gus t 1975.

Analysis of exper in enta l  strain , stress and deflection of a cubic box
sub :jected to concentrated loads applied at the center of two opposite

faces . The ratio between the inside span and the wall thickness was
varied between approximately 5 and 121.

38. A. J. Dureili , V. J.  Parks and J. 0. BtIh,ler-Vidal , “Elastostatics of
u±’ic 3oxes Subjected to Pressure”--March 1976.

Experimental analysis of strain , stress and deflections in a cubic box
subjected to e i t h e r  internal or external pressure. Inside span—to-wall
thickness ratio varied from 5 to l~~.

39. ‘1. Y. Hung , J . D. Hovanesian and A. C. Durelli, “New Optical Method to
Determine Vihratian-Induced Strains with Variable Sensitivity After
Recording”-—November 1976.
A steady state vibrating object is illuminated with coherent light and
its image slightly misfocused . The resulting specklegram is “time—
integrated” as when Fourier filtered gives derivatives of the vibrational

amplitude .

aQ, Y. Y. Hung, C. “ . ian~ , J. P. Hovanesian and A. J. Durelli, “Cyclic
Stress Studies by Time-Averaged Photoelasticity”--Noventher ~~~~
“Time-averaged isochromatics” are formed when the photographi ’t film is
exposed for more than ore period . Fringes represent amplitudE s of the
oscillating 3tress according to the zeroth order Bessel function .

m4• ‘1. Y. Hung, C. Y. Liang , J. D. Hovanesian and A. J. Durelli, “l ime-
Averaged Shadow Moiré Method for Studying Vibra tions ”--November 1976.
Time-averaged shadow moir4 permits the determination of the amplitude
distribution of the deflection of a steady vibrating plate.

-2.  J.  Buitrago and A. J. Durelli , “On the Interpretation of Shadow—Moire
Fringes”--April 1977.
Possible rotations and translations of the grating are considered in a
genera]. expression to interpret shadow-moire fringes and on the
sensitivity of the method. Application to an inverted perforated tube.

~ 3. C. der Hovanesian , “ 18th Polish Solid Mechanics Conference.” Published in

Eurormean Scientific Notes of the Office of Naval Research, in London,
England , Dec. 31, 1976.
Comments on the planning and organization of, and scientific content of
paper presented at the 18th Polish Solid Mechanics Conference he.Ld in
Wisla-Jawornik from September 7_114 , 19’76.

.Le . A. J . Durelli, “The Difficult Choice ,”-—May 1077.
The advantages and limitations of methods available for the analyses
of displacemen ts , strain , and stresses are considered. Comments are
made on several theoretical approaches, in particular approximate
method s, and attention is concentrated on experimental methods : photo-
elast ici ty ,  moir4, brittle and photoelastic coatings , gages , grids ,
holography and speckle to solve two- and three-dimensional problems in
elasticity , plasticity , dynamics and anisotropy .

v-iL
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45 . c. Y . Liang , Y . 1. Hung, A. S. Dur el li and .J. D. Hovanesian ,
“Direct Determin ation o1: Flexura l Strains in Plates Using Projected
Gra tings ,”—-J une 197’.
The method requ ires the rota tion of one phot ograp h of the deformed
grating over a copy of itself. The moir~ produced yields strains by
optical double ditterentiati on ef de fle ctions. App lied to projected
gratings the idea permits t he  study of p lates subjected ro much larger
def ic ctions than the ones that can be studied with holograms .

46. A. J . Durell i , K.  Brown and P. Yee , “Optimization of Geometric
Dis co n t i n u i t i e s  In Stress Fields ” — --M arC h 1978.
The concept of “coefficient of effi ci ency ” is introduced to evaluate
the degree ot optimization . An ideal design of the inside boundary of
a tube subjected to diametral compression is developed which decreases
its max imum stress by 25Z, at the time it also decreases its weight by
l O .  The effici ency coefficient is increased from 0.59 to 0.95.
Tests with a brittl e material show an increase in strength of 20. An
ideal design of the boundary of the hole in a p late subjected to axial
load reduces the maximum stresses by 26’ and increases the coefficien t
of e f f i c iency f rom 0.5’~ to 0.90.

st ’ . J. D . Hovan~s ia n , V . V . Hung and :~. C . Dur e lli , “New Optical Method
to Determine Vibr a tion—induced Strains ~ ith \‘ariab le Sensitiv i ty After
Re cording ”——Ma v l’~ :‘S .
A stead y—st a te vibr a tin g object is illumin ated w i t h  coherent ligh t and
its image is sligh~~iv mis focused in the film p lane of a camera. The
resulting proce ssea ii lm is ~‘al1ed a “ t inc—integrated specklegr am .”
When the  specklegram is Fourier tilte r ed , ~ t exh ibits fringes dep icting
derivatives of the  vibrati o nal amp litud ~ . The direction of the spatial
derivative , as well as the fring e sensitivit y mdv he easily and continu—
ouslv varied during the Fourier filtering pr ocess. This new method is
also much less demanding than holographi c int erferometr v with respect to
vibration isolation , optical set—up tine , illuminating source coherence .
required r u m  resolution . etc.

- flup~
- and A.  C - Pu i t ’  I I  I , ‘‘ I mu I t  aneous Pe’t etmi nat I on 0 I l’hrce

St ra in mponen t in Spet’k it’ I n  t t’ rt t’ rent ’ t rv U s I n~’ -i Mu It I pie’ Image
SIi.’.i r i i i i ’ ( , im ’ ia • ‘‘ — — Sept enhe r I ~ ‘S
l b  Is  pap er ~l~’se r I ht ’s a mu it I pie i n’.u’c—sht’a r I n~’ camera . I reorporat ing
e~ ht’ rt’nt I I gli t i i i  urn I to i t  Ion • t he cant’ ra se rves as .i mu i t  I p ie shearing
speckle i nt e’rt erornet or w h i c h  rne . is i i ros  t he d e r iv a t i v es  el surface

~l I sp  I a(’t’ment s with rt ’spcc t t e t h rot’ di rec t Ions m ini anet’us lv - The
.1 pp 1 i cat  ion  e I I ho t’.ifl h t ’ in to t lit’ st ud~’ e I t I cxii ra I st ia ins in  bent
p 1 a I e’s t o  sliot,’n , anti  t l i t ’ Jet t’iiu l nat  i t~I1 0 I t hi ’ comp le tE ’  st  .1 t e t’~f two—

ii Incus I ona I strains is also ~‘ons I do r od - i’he mu It I p ie image—shearing
t ’ ,Ime’ ra ust ’s an In I or fe re nre phenemcn:i . but is I e’ss demand ng t han
hol ogr aph It ’ In ter I crornet rv with re’opect t o  vibrati on iso I at Ion and the

‘oherenc ~ et t tie II ~‘ht source . I t  Io superior to other speckle
t e c h n  i i ~ut ’o In  h a t  I be el’ t a t  ned t r in ,’oo ., t t ’ ~ t much bet t ’ r  q u a i l  Iv

“ I I I 

S ~—“ -—~-- —-- -- -—-— -- 14
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~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ INFINITE PLATE

SUBJECTED TO IN-PLAN E LOADING

by

A. . J .  Dure l l i  and K .  Rajaiah

This paper deals with the optimization of the shape of the corners

and sides of a square hole , located in a large plate and subjected to

in—plane loads , with the object of minimizing stress concentrations .

Appreciable disagreement has been found between the results obtained

previously by other investigators . In this paper new tests have been

conducted and discrepancies have been corrected . Using an optimization

technique , the authors have developed a quasi square shape which introduces

a stress concentration of only 2.54 in a uniaxial field , the comparable

value for the circular hole being 3. The efficiency factor of the proposed

optirnun’ shape is 0.90 whereas the efficiency factor of the best shape

~evcloped previousl y was 0.71. The shape also is developed that minimizes

the stress concentration In the case of biaxial loading when the ratio of

hiaxiality is 1:—i .
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I n t ro d ui c L i  nri

The problem of a square hole with rounded corners in an infinite p late

subjected to uniaxial loading has attracted the attention of several Inves—

tigators over the years . Richmond~
1
~ conducted photoelastlc tests with

three differen .. corner radii and concluded that “a minimum stress concentration

factor s e e r s  to result for a value of of about -i,” where r is the corner
radius  and D the  w i d t h  of hole .  He also found that the minimum value of the

stress concentration factor (s.c.f.) was less than 3, the value corresponding

(2)
to tire circular hole. t-li ndl in in the discussion of the paper stated that

Richr!ond ’’; finding was a result of importance . Peterson~
3
~ in his recent

monograp h on “Stress Concentration Factors” presented the theoretical results

obtained by Sobey~
4
~ for rectangular holes with round corners. Comparison of

Sohey ’s values with those of Richmond for square holes shows gross under-

estimate of the s c.f. by Richmond (Fig. 1). According to Sobey, the

minimum possible stress concentration factor is 2.85 for a corner radius of

0.37D, whereas Richmond reported a minimum of 2,5 for a corner radius of D/6.

As stated by Peterson~
5
~ , Richmond “probab ly used a small model , and with

techni ques of that tine and the edge effect probletn,his results could be

considerably in error.” The importance of the subject and contradictions

among authors made advisable the review of other contributions and conducting

new tests. That Is the object of this paper. Emphasis will be placed on

the optimization of the shape.

Previous Contributions :

Sobey In his review of previous analyses
(6)

~ 
(7) , (8) , (~~ that were

conducted using the Schwarz—Christoffel transformation of the square with 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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sharp corners as approximation to the square with round corners found

that the authors used onl y two or three terms in tire mapp ing function and

“their profile diff ers considerabl y in local curvature variation from

the ideal profile so that tire stress dis tributions are not very accurate. ”

Sobey used Mushkilishvtli ’s comp lex variable method~
6
~ but included a large

number of term s in the mapping function to get high accuracy for the hole

shape and hence for the stress distribution . lsida UO) analyzed the problem

of hypotrochoidal hole wi th four sides which approximates square holes with

round ed corn ers in f i n i te and i n f i n i te p la tes using a perturbation method .

His numerical results for a corner radius of 0.125D are lower than Sobey ’s

(Fig. 1).

savin~~
1) presented the res u l ts ob tained by ~~~~~~~~~~~~~ using the

con formal ma pping t echni que. For the corner radius 0.2D these results are

al so lower than those obtained by Sobey (Fig. 1).

Ross~~
3
~ reported results of numerous photoelastic experiments on holes

and notches in thin plates under uniaxial tension , including those for

square holes with rounded corners . His results show a gross overestimate

of the s.c.f . ’s when compared to Sobey ’s values (Fig . 1). It would appear

that the extrapolation techni que used by Ross is not correct (for the

circ ular hole he obtains a s.c .f . of 3.25). Ross also presented results for

a barrel-shaped hole proposed earlier by Heywood~
14
~ as an “ideal shape” for

holes in infini te pla tes under uniaxial tension . The s.c .f . for this case

also appears to have been overestimated .

More recen t ly Dure lli , Brown and yee U5) have shown tha t , similarly to

the earlier work for fille ts by Durelli et al 
6), 7) , 8),(19) 

hole shapes

can also be very effec tivel y op timized by using two—dimensional photoelastic

techniques . Following that approach , it is shown in the present work that

by op t imizing the shape of the square hole , a s.c.f . significan tly lover than
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the lowest value given can be achieve d , it has also been verified

experimen ta l l y that the results given by Richmond and Ross are in error.

Square Hole It Rounded Corners:

Experiments were conducted first on p lates with square holes with

rounded corners for two different corner radii . Two p la tes of ll”:,ll”xO .272”

(280x280x2 .9mm) with hole size (D) of 1.5” x 1.5” (38x38nun) , one with a

corner radius of 0.25” (6.4mm) equal to (D/6) and the other with 0.555” (14mm)

equal to (0.37D) radius were machined out of Homalite—lOO . The fringe

constant was 151 lb/in—fr (26.2 kN/rn—fr) . The plates were loaded under

uniform compression on two opposite edges. The resulting s.c.f. values

are shown in Fig. 1 and tlìe corresponding photoelastic isochromatic patterns

are shown in Figs. 2 and 3. The stress distributions around the hole for the

two cases , referred to the net area, are included In Fig. 4. It is seen from

Fig . 1 that the present results are in close agreement with Sobey ’s and not

so wi th those of Ri chmond , Ross , Savin nor Isida . (The s.c .f . given by

Peterson and Ross , re f e r r ed to the gross area , have been refe rred for

comparison pu rposes to the net ar ea . )

O,pj imiza tion  of the SQuare Hole:

The constraints of the problem are : (a) the inside boundary has to lie

inbetween the  circle of diameter D and the square of side D; (b) the allowable

maximum stress for compression is about three times the allowable maximum

stress for tension . To start the optimization process a p late with a hole with

a corner radius of 0.37D was selected as this hole exhibits a low s.c.f.

_ _ _ _ _ _ _ _  —~~~ —~~~~ _--5-~~~ _- ~~~~~~~~~~~~~ _ _ _ _ _
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Material was removed from the lover stress regions of the boundary , at and

near the hor izontal axis an d at the corner  b y c a r e f u l  hand f i l i n g  whi le  the

model was under load until an isochromatic fringe coincided with the boundary

of the  model. The resu lting isochromatic patte rn Is shown in Fig . 5 and the

stress distribution around the hole Is presented in Fig . 4. For the sake of

comparison , Fig. 4 also includes the distributions given by Ross (for Heywood ’s

ideal shape) , by Savin for the square hole wIth 0.2 1) corner radius , by

isida for the square hole wit h 0.125D corner radius and also for the circular

hole .

The empirically developed geome t ry has been fitte d with a combination of

circles of different diameters and common tangents at the points of inter-

sections. The geometry of the optimized shape is shown In Fig . 6.

In an earlier paper~
8
~ , it was proposed that the degree of optimization

Ire evaluated quantitati vel y as a coefficient of efficiency , keff~ 
def ined as

J
S
~ 

S2 ...
o
~
ds

I •O 
_ _ _ _

+ —
2 0 a a

aU aU

where “ai~ 
represents the maximu m allowable stress (the positive and negative

superscripts referring to tensile and compressive stresses , respectivel y),

and S~ are the lImiting points of the segment of the boundary subjected to

tensile stresses and S~ and S2 
are limiting points of the segment of boundary

with compressive stresses . The same criterion has been used here too to

evaluate the shapes and the results are discussed below.

~~~~~~T~~~
TTI _~~~~~~~~~ _



____ -~~~~~ 
. ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ --

—5—

The Riax ia 1 Case:

i t  has been shown L i r a t  tire optimum shape of a hole in a biaxial field of

two loadings of the sa m e s ign is an e l l i p se  the eccentricity of which Is

related to the b i a x i a l i l y  r at 1o~
20

~ . For 1 :1 b i a x ia l i t y ,  the shape of the

hole Is a circle and t i re s . c . f .  is 2 .  However , for loadings of opposite

sign no such simp le r e l a t i on  has been found .

l’hie’ :ihove st t idy stigges t s that , for a p l ate under pure shear (1 : — 1

biaxiality ),a doubly symmetr ic shape with both the longitudinal and the

transverse edges of harre l shape (double bar re l)  would appear to be close to

an o p t i m u m  shape. This case has also been investigated here .

A double barre l  siraped hole w i th  t i re  radius of curvature of each ed ge

be In g 1.251) as in tire case of tire optimized irole was made in a large Homalite —

100 p la t e arid t est e d . Fo r a uniaxial loading this shape provides a slightl y

increased stress level on the edge perpendicular to the load while the one on

tire edge parallel to tire load stays the same (Fig. 4 and Fig. 7 ) .  However ,

for the  case of shear loading , there is a 10% reduction in s.c .f. (Fig. 8).

The Case of t h e Notch :

I t  i s  w e l l — k n o w n  t h a t  tire s.c.f. for the case of a semi—circular edge

not d r  In a w i d e  p l a te  un de r u n t a x i a l  load Is a pproxImately tire same as that

for  a c i rcu lar  hole in  a wide plate under uniaxial load .~
3
~ Based on this

observation , It Is believed that the optimum shape for a notch In a wide p late

subjected to un iax ia l load i ng will be approximatel y the same as the optimum

sirape developed above for  the  case of t ire squ a re hole.

- 
-~~~~~~~~~~ - —S-- .-~~~~~ ~~- - -5-- -
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Ot st’uss [on .iirtl ( t’tr c in s Lou

li v t h e  opt u n  I zat  I on method f o i l  owed be rt’ , I t  has been possible  to oh t a im

a s • c . I . c ii  ) . 54 t o  r the ’ ~tJua r i ’ ir e it’ w i t  hr rounded corners . Tb is value Is

about  I I ‘~ . I owe r t Iran t he • c . I . va I tu e c i  . 87 as given by Peterson fcil lowing

Sober . ‘h ire el I I c  I vncv  I ac t  or fo r  t i r e  opt  Itriuni shape is 0.90 wh ereas it is

0. fl for  t he’ sh ape’ g I von hr  l’ t~t e rson ~~ ~~~~ r r e sponding to t ire m in imum s • c . f

1) .67 t o t  R I  cir inno nd ‘ inmnu r • . I .  shape’ and 1) .74 for  Ross results obtained

u s i n g  Iht ’V woo(I ‘ I t l i ’a  I shape’ . ‘ l i re ’  correspondi ng value for  a c i r c u l a r  lrole

is 0 .6 1 .

Ri chm ond ’s val ui’~. I icr  • . I . ar e ’ foun d to be s ign i f i c a n t ly  in error on

he ’ low si tie vii ( I t  ‘~c ’ ’ .s ‘ S rt ’s(i I t s  .1 re’ 51 gnt I. [ca nt  lv in error on the h i gh

s i t i e .  I t nr ar  he ’ sat e l v  c olic I tided t ir a t k’oss ‘s va I ties for iievwood ‘s ‘‘ ideal

shape ’’ ire a I so I gi r i f  ft an t  Iv Vt ’ Ft’s t I mat  ed ; In  f a c t  , the s • c . f . for

i levwood ‘s s i ra pv m:Iv ht’ t’~ pect ed t t~ he’ I ~‘ss t Iran 3. ‘t ire isochronrat ic  pat te rn

g [vim by Ross shows t h a t  iievwood ‘s shap e is qu li t ’ close to an opt imum vi t ir

t ’fl Iv  .1 s h i  gi r l st ross concent rat ion on t lit ’ ir or I zonta 1 ax is of synurret rv

no rma l to  tire ’ 1 cad . l i l t ’  r ad i us of cu rva  t t ir e ’ f o r  t ire  l o n g i t u d i n a l  sides

o h t i re ’  ho l& • is  g I voir as I) hr Iit ’vwood w it  i i  e i t  is es I Ins t ed to be 1 . 251) fo r

t I r e  opt I lit I ~t’d sirape’ proposed lie re

For a p lat e sub lee e’d t o  pure  sh ear , tir e double bar re l shape y i e lds

,i 10~ rc ’dnit ’t ion in  • c ’ . I

—-5—— — — — --- -———-—-. ---——.5-- —.5’ -
~~~- 5 —  - 5 . 5.
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FIG. 2 STRESSES AT THE BOUNDARY OF A SQU4RE HOLE WITH A ROUNDED
CORNER (r=D/6) IN A LAR(~E PLATE (~ 0.136) SUBJECTED TO
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